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Abstract 

In this paper we begin an investigation into the Ip corrections to the supersymmetry 
transformations of the Bagger-Lambert-Gustavsson (BLG) theory. We begin with a 
review of the dNS duahty transformation which allows a non-abelian gauge field to 
be dualised to a scalar field in 2+1 dimensions. Applying this duality to a'^ terms 
of the non-abelian D2-brane theory gives rise to the Ip corrections of the Lorentzian 
BLG theory. We then apply this duality transformation to the a'^ corrections of the 
D2-brane supersymmetry transformations. For the 'abelian' BLG theory we are able 
to uniquely determine the 1^ corrections to the supersymmetry transformations of the 
scalar and fermion fields. Generalising to the 'non-abelian' BLG theory we are able to 
determine the correction to the supersymmetry transformation of the fermion field. 
Along the way make a number of observations relating to the implementation of the 
dNS duality transformation at the level of supersymmetry transformations. 



a.m. lowOqmul .ac.uk 



1 Introduction 



The BLG Lagrangian and supersymmetry transformations presented in [lH3[ can be 
thought of as representing the leading order terms in an Ip expansion of a (not yet 
determined) non-hnear M2-brane theory. This is analogous to the fact that super 
Yang-Mills theory represents the leading order terms of the non-abelian Born-Infeld 
action, which is believed to describe the dynamics of coincident D-branes|^ Ultimately 
one would like to determine the full theory, of which the leading order terms are those 
of the BLG Lagrangian. Toward this end it is constructive to consider the next order 
in Ip corrections to the theory. At the level of the Lagrangian this analysis has been 
performed in the literature p, 0] using two complimentary methodsH 

The first method involves a duality transformation due to de-Witt, Nicholai and 
Samtleben (dNS). This duality is based on the fact that in (2-1-1) dimensions, a gauge 
field is dual to a scalar, and it is therefore possible to replace the gauge-field with a 
scalar field such that the theory possesses a manifest SO (8), rather than SO (7) sym- 



metry. In [13[ , it was shown that applying this procedure to the D2-brane Lagrangian, 
it is possible to re-write the theory as a Lorentzian Bagger-Lambert theory. This 
technique was then applied to the a'^ terms of the D2-brane Lagrangian in order to 
determine the Ip corrections to the Lorentzian BLG theor}fl. Remarkably, all higher 
order Lagrangian terms were expressible in terms of basic building blocks involving 
covariant derivatives, D^X^ and three-brackets [X^ ^X"^ ,X^]. This led the authors of 
to conjecture that the higher derivative Lagrangian they had derived would also 



apply to the A/^ BLG Theory. This conjecture was confirmed in [3] where the novel 
Higgs mechanism 23| was used to determine the A/^ theory Lagrangian at order l^. 
This involved using dimensional analysis to write down all possible corrections to 
the BLG Lagrangian with arbitrary coefficients. The coefficients were fixed by apply- 
ing the novel Higgs mechanism to the higher order terms and matching them to the 
a'"^ terms of the D2-brane theory. It was shown that the structure of the higher order 
terms in both the A4, and Lorentzian theories take the same form. 

Given that the corrections to the BLG theory have been calculated, one might 
ask whether these terms are maximally supersymmetric, and if so, to determine the 
structure of the higher order supersymmetry transformations. In this paper we begin 
the task of calculating the corrections to the supersymmetry transformations of the 
BLG theory. The hope is that closure of the higher order supersymmetry transforma- 



^Note that the symmetrised trace prescription of the non-abeUan Born- Infold action ^] breaks 
down at sixth order and higher in the world volume field strength Q. 

^For other discussions on non-linear corrections to Bagger-Lambert theory see [8|4l2|. 
Lorentzian Bagger-Lambert theories are considered in [li-[l3. See also |ll-i2|7 
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tions would uniquely determine the higher order corrections to the BLG equations of 
motion which can then be 'integrated' to determine the higher order Lagrangian, which 
by definition, would be supersymmetric. One could in principle write down all possible 
Ip corrections to the supersymmetry transformations and then try and fix the coeffi- 
cients by demanding the closure of the supersymmetry algebra. However the plethora 
of possible terms at order 1^ would make the closure of the algebra a mammoth task. To 
try and simplify the problem we will use the non-abelian D2-brane theory as a guide. 
We know that dNS duality transformation allows us to map the non-abelian D2-brane 
Lagrangian into the Lorentzian BLG Lagrangian. Furtherore we know that the struc- 
ture of this Lagrangian is the same as the structure of the A4, theory Lagrangian. It 
is natural to ask whether this methodology can tell us anything about how the higher 
order D2-brane supersymmetry transformations are related to the 1^ corrections to the 
BLG supersymmetry transformations. 



In the first part of this paper we will review the dNS duality transformation [241-126 
by considering how the Lorentzian BLG Lagrangian can be derived from the D2-brane 
theory. We will then attempt to apply the duality transformation at the level of super- 
symmetry transformations. To simplify the task we will begin by only considering the 
'abelian' BLG theory. We will see that the duality transformation works for the fermion 
variation but fails to work for the scalar variation. Therefore in order to calculate the 
scalar variation we have to use a different approach. This involves using dimensional 
analysis to write the most general scalar variation with arbitrary coefficients. Invari- 
ance of the higher order Lagrangian is then used to fix the values of the coefficients. 
In the final part of this paper we begin the task of calculating the full 'non-abelian' 
BLG supersymmetry transformations at 0{lp). We are able to uniquely determine the 
higher order fermion variation but unable to uniquely determine the scalar variation. 
As a result, this paper represents work in progress. 



2 Non-abelian duality in 2+1 dimensions 



We begin by reviewing a prescription for dualising non-abelian gauge fields in (2+1 



dimensions due to de Wit, Nicolai and Samtleben (dNS)|24j-l26|. We will follow the 



presentation of [13|. According to the dNS prescription the Yang-Mills gauge field 
gets replaced by two non-dynamical gauge fields and with a. B AF type kinetic 
term, plus an extra scalar which ends up carrying the dynamical degrees of freedom of 
the original Yang-Mills gauge field. The duality transformation is enforced by making 
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the replacement 

Tr (^-^F,,F^^^ ^ Tr Qe^-^S^.F,, - ^{D,<p - gyuB^f^ . (2.1) 

We wish to consider the effect of this transformation on the multiple D2-brane theory. 
The low energy Lagrangian for this theory is obtained by reducing ten-dimensional 
U{N) super Yang-Mills theory to (2+1) dimensions. In this case, making the replace- 
ment f l2.ip in the D2-brane Lagrangian results in the dNS transformed Lagrangiaiilfl 

jC =Tr(ie^^"5^F,A - ^{D,<f) - gYuB.f - ^D^XW^^X' 

2 

_ 9y^ix\X^][X\X^] + '-ijT^D.ij + '-gyMi^UX\ij]). (2.2) 

The gauge invariant kinetic terms for the eight scalars can be shown to possess an 
SO (8) invariance by renaming (p X^ and writing 

D^^X' = D^X' = d^X' - [A^, X% I = 1,2,..., 7 (2.3) 
D^X^ = D^X^ - qymB^ = - [A^, X«] - gyMB^. (2.4) 

Defining the constant 8-vector 

g'y,, = {Q,...,Q,gyM), 1 = 1,2,..., 8, (2.5) 

allows one to define the covariant derivative 

b^^X' = D^X' -g'y^,B,. (2.6) 

It is then possible write the super Yang-Mills action in a form that is S'0(8) invariant 
under transformations that rotate both the fields X^ and the coupling constant vector 

9yM'- 

^ = Tr {^-e^^'B.F^^ - \{b,X'f + ^^F^D,^ + '-giyui^^iAX^M - ^(X^'^'f) 

(2.7) 

where the three-bracket X^'^^ is defined as 

X^'^ = gi.^[X',X^]+g^^AX'',X^]+g^,AX',X']. (2.8) 



^This action exhibits an abelian gauge symmetry allowing one to pick a gauge in which either 
D^B^ = or (/) = 0. In the latter case becomes an auxiliary field that can be integrated out 
thereby showing the equivalence of the LHS and RHS of (|2.ip . For explicit details see ■ 
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This theory is only formally S0(8) invariant, as the transformations must act on the 
coupling constants as well as the fields. However, one can replace the vector of coupling 
constants Qym by a new (gauge singlet) scalar provided that the new scalar field 
has an equation of motion that renders it constant. Constancy of is imposed by 
adding a new term to the Lagrangian involving a set of abelian gauge fields and scalars 
a. and XL: 

Cc = {Cf - d^XL)d,Xi. (2.9) 



As explained in 13|, |l8j , this term has the effect of constraining the vector X{ to be 



an arbitrary constant which can be identified with gyM- ^^lis way one recovers the 



gauge- fixed Lorentzian models of [17|, Il8j. One might wonder whether this non-abelian 
duality works when higher order (in a') corrections are included in the D2-brane theory. 
In particular, does the 3-algebra structure survive a' corrections? In [sl, 0] it was shown 
that at 0{a''^) the duahty does work and all terms in the resulting 1^ corrected M2- 
brane theory are expressible in terms of D^X^ and X^^^ building blocks. Another 
question one might ask is whether this duality works at the level of supersymmetry 
transformations and if so, would it be possible to derive the 0{l^) corrections to the 
BLG supersymmetry transformations? The first step towards answering this question 
is to consider how abelian duality in (2+1) dimensions can be implemented at the level 
of supersymmetry transformations. To this we now turn. 



3 Abelian Duality and Supersymmetry 

Our ultimate objective is to determine higher order supersymmetry transformations in 
BLG theory by using the dNS procedure outlined in the previous section. As a warm- 
up exercise we will consider dualising abelian gauge-fields to scalars in 2+1 dimensions 
and see how this works at the level of supersymmetry transformations for a single 
D2-brane. Let us begin by considering abelian duality at the level of the Lagrangian. 



3.1 Abelian Duality 

Consider the following 2+1 dimensional action involving a Lagrange multiplier field X 

S=-J dMlFf.^F^" + \e^uxF^''d^X) (3.1) 

We see that the gauge field equation of motion takes the form 

F^, = -e^uxd^X (3.2) 
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whereas the X equation of motion takes the form of the Bianchi identity 



e.^xd'^F''^ = 0. (3.3) 

If we substitute the gauge field equation of motion into (13.1 p then we find a kinetic 
term for X 

j rfV(^F^,F'^'^ + h.^^F^^'-d^X) j d'a^d.Xd^X. (3.4) 
Alternatively, use of the Bianchi identity in (13. ip results in 

J dM\F,,F'^'' + ^e,,,F^''d'X) ^ J d^-^F^,F^\ (3.5) 

with F = dA. So how does this relate to the D2-brane theory? The leading order 
Lagrangian for a single D2-brane can be obtained by dimensional reduction of super 
Yang-Mills theory in ten dimensions. The bosonic D2-brane action can be expressed 
as 

S = j dM—F.^F^'' - ^d.XWX'). (3.6) 
Abelian duality is implemented by making the replacement 

- ^F^.F'^^ -(If^uF'-'' + ^e^^A^^XF-^) (3.7) 

in the action (13.61) . Use of the gauge field equation of motion (13.21) then results in 

S = J d''a{--^F,,F^- - ]^t,,^F^''d^X - ^9^X^9^X0 



rfV(--(9.X9'^X - -d^X'd^'X' 
V 2 ^ 2 ^ 



c/V(-i9^X^9'^X0 (3.8) 

where in obtaining the last line we identified X = X^ as the eighth scalar field. We see 
that the scalar kinetic term now has the desired 50(8) invariant form. Note that it is 
possible to implement abelian duality in (2+1) dimensions at the level of the full DBI 
action 27|. In this way one is able to derive a non-linear Lagrangian for a membrane 
in the static gauge with the expected SO (8) symmetry. Now that we have seen how 
abelian duality works at the level of the Lagrangian let us consider applying this to 
the supersymmetry transformations of a single D2-brane. 
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3.2 supersymmetry transformations 



The D2-brane supersymmetry transformation can be obtained by dimensionally re- 
ducing the supersymmetry transformations of ten dimensional super Yang-Mills. The 
spinors appearing in the 10-dimensional theory are Major ana- Weyl and satisfy 

r(^°'x = X (3.9) 

where V^^^'> is the ten dimensional chirality matrix. Since we are interested in uplifting 
the D2-brane theory to M-theory it is desirable to look for an embedding of >S'0(1, 9) 
into >S'0(1, 10) in which r^^°) becomes the eleventh gamma matrix. We denote the 
gamma matrices of 10) as V^{M = 0, . . . , 9, 10). In eleven dimensions the 

spinors will be Majorana. However we know that the presence of the M2-brane breaks 
the Lorentz symmetry as 5*0(1, 10) — > 5*0(1,2) x 5*0(8) and therefore we can have a 
Weyl spinor of 5*0(8). Let us denote the chirality matrix of 5*0(8) by F where 



-.3.. .9(10) 



(3.10) 



The M2-brane breaks half the supersymmetry of the vacuum. We choose conventions 
in which 

re = e, rV' = (3.11) 

Under dimensional reduction the (9-1-1) dimensional gauge field will split into a (2+1)- 
dimensional gauge field and a scalar field X' transforming under SO (7). As usual 
with dimensional reduction, the fields are independent of the circle directions such 
that one can set di = 0. In what follows, for reasons that will become clear shortly, 
we will label /i = 0, 1, 2 and i = 1, ... 7 with the ten-dimensional chirality matrix 
relabeled as r*^^°) = F^. Dimensional reduction of the ten-dimensional super Yang- 
Mills transformations 

Si; = ^F^^FMive (3.12) 
results in the following D2-brane transformations 

5X' = ieFV (3.13) 
5A^ = ieF^FV (3.14) 

Sip = ^F^^^F^^F^e + rT%X'e (3. 15) 
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We now consider the effect of applying abelian duality at the level of supersymmetry 
transformations. This can be achieved by using fl3.2p to write 

d,X' = \e,,xF'^ (3.16) 

where we have relabeled the scalar appearing in fl3.2p as (this will provide the 
'eighth' scalar which will combine with the other seven to give an SO (8) invariant 
supersymmetry transformation) . Performing the duality transformation on the fermion 
variation involves substituting fl3.16p into fl3.15p 

= TT^d^X^e + Vrd^X'e 

= m^d^X^e. (3.17) 

We see that this now takes the desired SO (8) form. In order to determine the SO (8) 
transformation of the scalar field SX^ we need to consider f l3.14p re-written as 

SF^, = -2teT[^T^d,]ij. (3.18) 

Substituting fl3.16p into the left-hand side of this transformation allows us to write 

= leir]"^ - r^r'^)!^^^^ 

= teT^d^tjj (3.19) 

where we have made use of the lowest order fermion equation of motion T^dfj^ip = 0. 
This relation implies that 6X^ = ieT^ip which can be combined with 6X'^ = ieV^ij) to 
give 

5X^ = erV- (3.20) 

In summary we see that at lowest order it is possible to re-write the D2-brane super- 
symmetry transformations in an SO (8) invariant form. For the fermion variation this 
simply involved substituting fl3.16p into the D2-brane expression. For the scalar field 
variation it was necessary to 'dualise' the gauge field variation SF^y to form the eighth 
scalar. In the next section we extend our analysis to higher order abelian supersym- 
metry transformations. 
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4 Higher Order Abelian Super symmetry 



In this section we will determine the corrections to the abelian M2-brane supersym- 
metry transformations (excluding bi- linear and tri-linear fermion terms) . We begin by 
using dimensional arguments to determine the structure of the supersymmetry trans- 
formations. We will then apply the duality transformation outlined in the previous 
section to the 0{a''^) D2-brane supersymmetry transformations. We will see that this 
procedure uniquely determines the fermion variation but fails to work for the scalar 
variation. This will motivate us to try a different approach. 

4.1 Dimensional Analysis 

Dimensional analysis tells us that the mass dimensions of the fields appearing in the 
BLG theory are [X] = ^, [V"] = [^^i] = 1- The supersymmetry parameter e carries mass 
dimension [e] = — |. We expect the first non-trivial corrections to the supersymmetry 
transformations to appear at 0{lp). Therefore we see that the 0{lp) terms in Sip must 
be mass dimension 4. In a similar manner the correction terms in 5X must be mass 
dimension 3|. For the sake of simplicity we will neglect bi- linear fermion terms in the 
scalar variation and tri-linear fermion terms in the fermion variation. In terms of the 
basic building blocks of scalar fields and derivatives, the only possible types of term 
appearing in the fermion variation at 0{lp) are those involving three derivatives and 
three scalar fields. If we assume that derivatives must always act on scalars (with 
at most one derivative) then a little thought reveals that the higher-order fermion 
variation takes the form 



The motivation for assuming that scalars are always acted on by derivatives is based 
on the form of the a'^ D2-brane supersymmetry transformations (derived in the next 
section) which have no free scalar terms. Let us now consider the scalar transformation. 
Based on dimensional analysis and the reasons already outlined, the only types of term 
appearing in the scalar variation are those involving two derivatives, two scalar fields 
and a fermion. Considering all independent index contractions one arrives at the 
following expression 



Sij^ + aillV^V^d^X''d''X^d>'X^e + a2llT ^V^ X-^ d^X'' dT X^ e 
+ asiypT^^^d^X^d^X^dpX^e. 



(4.1) 



SX^ = + billeT^ijd^X-^d''X-' + h2lleT^ipd^X^d>'X-^ 

+ h^lleT^V^'''i^d^X^d,X^ + hilleT^'''T^^^i^d^X^ d,X^ . 



(4.2) 
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Our task in the remainder of this section is to fix the coefficients appearing in (14.1 p 
and f l4.2p . There are a number of ways that this can be achieved. In the next section 
we will attempt to fix these coefficients through abelian duality. We will see that this 
only works for the fermion variation. In order to determine the scalar variation we 
will have to use a different approach. This will involve checking that the higher order 
abelian Lagrangian derived in [rj is invariant under f l4.ip and f l4.2p . Not only will this 
allow us to determine the scalar variation coefficients but it will also provide a test for 
the fermion terms derived using the duality approach. 



4.2 Higher Order Abelian Supersymmetry via Dualisation 

In this section we will attempt to derive the higher order abelian supersymmetry trans- 
formations using abelian duality. Our starting point will be the (9(q;'^) supersymmetry 
transformations of the ten-dimensional super Yang-Mills theory. These were first dis- 
covered by Bergshoeff and collaborators in 



5 Am = a'^aieVMFNpF''''^ + a^eV ^FmpF'"'' ^ + a^.eV'''''^ FmnFpq^ 

+ a^eTMNPQRF''''F'^''ij). (4.3) 



Note that in [28| the fermion variation also included tri-linear fermion terms and the 
gauge field variation included bi-linear fermion terms which we have not included for 
the sake of simplicity. We have purposely left the coefficients unspecified. The hope 
is that these coefficients will be fixed by the requirement that the (2-1-1) dimensional 
transformations collect into 5*0 (8) invariant terms under the duality transformation. 
Next we wish to reduce these expressions to (2-1-1) dimensions. We will first focus on 
the fermion. Performing the dimensional reduction one finds 

Air^^^FpQF^^FM^e ^ + XiV^^^F^^FP'^F.^e + 2\^VP- F^.d'^X'dpX'e 

(4.4) 



AsF^^^FMpF^^FQ^e ^ + X^T''^ F^^FP'^ F,,e - 2X2^^" F^,dPX%X'e 

+ 2X2TPrF^pFP''d^X'e 

- 2X2TPrdf,X^dPX^dpX'e - X2r^dpX'FP''d^Xh. 



^The form of these transformations was later confirmed in 29l- 3lj|. 
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X.T'^^PQRSp^^^p^^p^^^ -> - 8\3T'^''Pr^'d^X%X^dpX'e. (4.5) 
Next we dualise the gauge field using fl3.16p . After a small amount of algebra one finds 

XiT^^^FpQF^'^FMNe + AXiT'^d^X^d'^X^d^X^e - 4Xir^'d^X^d''X'd^X'e 

- AXir^'rd^X'd''X^d^X^e + AXir^'rd^X'd''X^d^X^e. 

(4.6) 

X2T^^^FMpF^'^FQNe - 2A2r^9,X^9'^X^9^X^e - 2X2T^'d'' X^'d^.X^d" X'e 

+ 2X2T^'df,X^d''X'd^X'e + 2X2m'd^X^d''X^df,X'e 

- 2X2T^rd''X^d^X^d''X'e - 2X2T^'rd^X^dPX^dpX'e 

- X2r^eP''^dpX'dxX^d^X^e. (4.7) 

X.T^^PQR'^FMNFpQFRse ^ -8X3T>''"'r^%X'd,X^d,X'e. (4.8) 

We would like to re- write these transformed expressions in terms of 50(8) objects. The 
only possible 5*0(8) objects involving three derivatives are those contained in (14. ip . 
The hope is that the fermion supersjTiimetry transformation should be expressible as 
a particular combination of these basic objects. More specifically, by noting that 

T^T^d^X-^d'^X-^d^'X^e -> Tf,rd^X^d''XW^'X'e + T^rd^X^d^X^d^'X'e 

+ T^T^d^X^d'^X^d^X^e + T^T^d^X^d'^X^d^'X^e 

r^r^a'^x^a^X'^a'^x^ ^ r^rd^'x^d^x^d''X'e + r^rd''x^d^x^d''X'e 

+ r^r^d^'X^d^X^d''X^e + r^r^d^'X^d^X^d'^X^e (4.9) 
we can write the terms in fl4.6p - fl4.8p as 

^^abelian = + AX^T ^T' d.X-" d" X^" X' 6 - 2X2T ^V' d'' X^" d,X' d" X' € 

+ (2A2 - 8Ai)(r^9,X^.9"X^9^X^e + r^F9,X*9'^X*9'^X^e) 

- 8X3r^"'^r^''df,X'd^X^dpX''e - X2rhP''^dpX'dxX^d^X^e. (4.10) 

The last line in (14.101) can be expressed in 50(8) form by noting 

e'^'PT^^^df.X^duX-^dpX^e e^''Pr^''df,X'duXWpX^e + 3e^''Pr^T^df,X'd^XWpX^e. 
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Provided with this information we see that it's possible to write (I4.10p in S0(8) form 
provided the coefficients are related as 

A2 = 4Ai; A2 = -24A3. (4.11) 
The final result for the abelian fermion variation is 

- ^Xillt^'^PT^^^d^X^d.X^dpX^e. (4.12) 

A few comments are in order. Firstly we see that the structure of these terms exactly 
matches the structure of the terms appearing in (14. ip with the coefficients fixed as 
ai = 4Ai, 02 = — 8A1 and 03 = — 4/3Ai. It remains to determine Ai. Most remark- 
ably we see that the requirement of SO (8) invariance has placed a constraint on the 
coefficients of the ten-dimensional supersymmetry transformations! Furthermore the 



ratios of the coefficients exactly matches the literature [28|, I31l-l33| . Thus it would ap- 
pear that abelian duality does indeed work at the level of the fermion supersymmetry 
transformation. So what about the scalar variation? One would expect the higher 
order scalar supersymmetry transformation to work in a similar way to the lower or- 
der transformation. In other words, one expects the (2-|-l) dimensional gauge field 
transformation to contribute (after dualisation) to the 'eighth' component of the scalar 
transformation 5X^ . In order to see how this works we will need to determine SF^j,^ 
in (2-1-1) dimensions. This can be constructed from our knowledge of 5A^. Therefore 
the first thing we need to do is dimensionally reduce the ten dimensional gauge field 
transformation 5 Am appearing in fl4.3l) . Performing the reduction results in a scalar 
field supersymmetry transformation 

5X' = + aier*F^^F^> + 2aierdf,X^ d^X^ 
+ a2eVpdpX'F^'P%l) - a2eT^dpX'dPX^^ 

- a^eV^^^dpX'F^p^ - a^eT^^rdpX'd.X^^ 

- AaS^'^^V^'^d^X^d^X^^l) - Aa^er^T^'^PF^^OpX^ (4.13) 

and a gauge field supersymmetry transformation 

6Ap = + a^eT^F^pF^y + 2a^eV pOpX^d^X'^Jj 
+ a^eVpFp^F^'y + a^erFp.d'' X'^ 

- a^eVpdfX'dpX'ij + a^.eT'^'^Fp^Fp^i; 
+ 2a^eV^PrFp,dpX' + a^eVP'^rdpX'Fp, 

- 2a^eV'^VPdpX'dpX^ - Aa^eV p^pV'^ d"" X'd^X^ . (4.14) 
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Performing the dualisation of the gauge field results in the scalar transformation 

5X' = - 2aier*9/,X^9^XV + 2aierd^X^d''X^'ilj 
+ a2eT>"'d^X'd^X^tlj - a2ePd^X'd^'X^^lj 

- 2a3edf,X'd^'X^4j - 2a3er^''r^ d^X'd^X^^ 

- Sa^er^d^X^d^^X^ij - Aaier^^T^'^'d^X^ d^X^i^. (4.15) 

Similarly for the gauge field one finds 

+ 2aieV^tl)d^X'd''X' - a2eV^%l)d^X'd'' X' 

- 2a3er^T''tljd^X'd^X^ - 2a3eT^P^d''X^d^X^ 

+ a2e^^xeP^d^X^d''X^ + Aa^e^^peV'^^ljO" X'^d^XK (4.16) 

The hope is that, just as for the fermion, these terms will combine into S0(8) invariant 
objects and in doing so fix the ratios of the coefficients. However we immediately 
encounter a problem which did not exist for the fermion variation. To see this let us 
focus on the first two terms appearing in fl4.15p . These are the only two terms in fl4.15p 
with the correct index structure to form the SO (8) term eT^ipd^X'^d'^X'^ appearing in 
(14.21) . However there is a relative minus sign appearing in these two terms meaning 
they are unable to combine. The problem can be traced back to the ten-dimensional 
gauge-field transformation term eV mFnpF^^iI). Why is this happening? After all, we 
know that abelian duality works for the D2-brane Lagrangian and we know that the 
D2-brane Lagrangian derives from the ten-dimensional Yang- Mills term —jFmnF'^^^. 
Indeed, upon dimensional reduction of the ten-dimensional Yang-Mills Lagrangian and 
application of fl316D one is left with a term \^^X^^^'X^ - ^di^X'S^X' which will 
not combine to form an SO (8) invariant scalar kinetic term. The way this problem 
is solved at Lagrangian level is by adding a Lagrange multiplier term ]^e^u\d^X^F^^ 
which under dualisation (according to (I3.16P ) combines with ^^d^X^d^X^ in such a way 
as to change the sign of this term thereby allowing it to combine with —^d^X'^d^X'^ to 
form the desired SO (8) invariant scalar kinetic term. This suggests that the problem 
may in fact be the prescription (I3.16p . In order to implement the duality on F"^ terms 
it may be necessary to make the replacement ^F^ — > ^F"^ + ^e^^^xd'^X^F'''^. However, if 
this is true then it's unclear why making the replacement (I3.16P works for the fermion 
variation. Perhaps the reason we had no problem with the fermion is related to the 
fact that the ten dimensional Yang-Mills fermion variation contains terms of order F^ 
whereas the gauge- field variation contains terms of order F"^. The result being that 
the dualised fermion variation contains terms with the same structure that derive from 
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different ten-dimensional terms. This allows for the coefficients to be related in such a 
way that unwanted terms are eliminated. This is not true for the scalars. Furthermore, 
by observing how the terms in (14. 2 p break-up into SO (7) objects 



eT^^P^^X^^''X■^ eV^d^X^d'^X^ + eVi/jd^X^d^X^ 
eT>"'T^-^^i)df,X-^d^X^ -> 2eT^"'r^i)d^X^d^X'^ + eT>'''r^^i)d^X^ d^X^ 
eV-^^ljO^X^d^X-^ -> eV^ijd^X'd^X^ + eV^d^X'd^X^ 
eT-^r^'^tpd^X^d^X'^ -> er^r^''tpd^X'd^X^ + ePr^"'tpd^X'd^X^ 

we see that there are terms appearing in (14.151) which do not appear in (14. 2p . There- 
fore, until we know how to modify the abelian duality transformation such that the 
scalar fields combine into SO (8) objects, we will have to follow a different path to de- 
termine 6X^ . In the next section we will use our knowledge of the higher order abelian 
Lagrangian to determine both Sip and 6X^ by requiring invariance of the action. 



4.3 Invariance of Higher Order Lagrangian 

The /p corrected abelian M2-brane Lagrangian takes the form 0, 0] 



Sblg = Jd^x- ^d^X'd^X' + '-iPT^d.ij 



+ ^llid^X^di^X'^d^X^d^.X^ - ^d^'X^d^X^d'^X-^d^X^) 

+ ^ll{tljTf'T^-^d^iljdf,X^d''X-^ - tpV^'d^ipd^X^d^'X^) 

- ^lli,T^d^iPiPT,d,iP (4.17) 

The supersymmetry transformations at lowest order are 

5X^ = ieV^i/j. 
6ip = (9^X^r^r^e. (4.18) 

At higher order we will consider the transformations (14. ip and (14. 2 p (neglecting bi-linear 
and tri-linear fermion terms). To recap, for the fermion we have 

6ip = + airf,r^d^X^d''X^df'X^e + a2rf,r^d^'X^d^,X^d''X^e 

+ a^T^"'PT^-^^d^X^d^X-^dpX^e (4.19) 
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and for the scalar 



+ her^7jjd^X^d''X^ + bier^i^d^X^di^X^ 

+ h^eV^Vi'^il^d^X^d^X'' + hieV>'''V^^^%l:d^,X''d^X 



(4.20) 



In the variation of the action there will be terms coming from the higher order su- 
persymmetry variation of the lower order Lagrangian and there will be terms coming 
from the lower order supersymmetry variation of the higher order Lagrangian. These 
terms should cancel against each other up to a surface term. Demanding invariance of 
the action will put constraints on the coefficients. Not only will we determine 5X^ but 
also dip allowing for comparison with the result derived in the previous section using 
abelian duality. Let us begin by considering the higher order supersymmetry variation 
of the lower order Lagrangian. This results in 



-d^X^d^i^SX^) = - ihieV^d^iljd>'X^d''X-^d,X-^ - ihieV^iljd^,{d,X-^ d" X-^)d^'X^ 





ib2eT^d^ijd''X'^d''X'^d^X^ - ib2eT^i'd^{d''X'^d^X^)d''X-^ 
ih^eT^T^"'dpil:d^X-^d^X^dPX'^ - ih^er^T'"'^l]dp{d^X^ d^X^)dPX'^ 
iheVP^'V^'^^ d^^l^di'X^ dpX^ d^X^ - iheVP''V^'^^'il)d^{dpX^d^X^)d^'X^ 



(4.21) 



+ 




+ 



'^a2eV'V^'''d^'^d,X'dPX'dpX' + '-a2eV'V^''''4jd^{d,X'd''X'dpX') 
^a^eVP''T^^^d^'i)d^X^d,X-'dpX^ + ^a^^eVf^'T^-^^^d^id^X' d.X^ dpX^) 

Zi Zi 



(4.22) 
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Let us now look at the lower order supersymmetry variation of the higher-order La- 
grangian terms. We have 

5Cugher = + leV d^W d^x' d"" x' - di^i^d^x' d"" x' d,x' 

+ Uv^d^.^l^d^X^d^X^d^'X^ - U2nfer^d^ipd''X'^d,X'^d''X^ 

_ ^eF'^'^r^tljd^X^dfX^d.dpX^) + ^eT'"'T^ijdf,X^d''X\d^.dpX^) 

_ LeF'^-r^Tjjd^X-^dPX'^id^dpX^) + ^er^tpd''X-^d''X'^{d^dpX^) 

- ^-tVP^T^'^^ijd^X^ d^X^df'dpX^) + ^-eTP''T^^^d^i}d>'X^d"X''d^X^ 
+ V'^terms (4.23) 

How will these terms cancel against each other? Firstly we observe that there are three 
'types' of term appearing in the above, depending on the gamma matrix structure. It is 
clear that terms involving the same gamma matrix structure should cancel against each 
other (up to total derivatives). We begin by focusing on Y^^T^"^^ terms. Collecting 
these terms together we can write them as 

(|a3 - iW + '-)eV<'''V''''d^'il^di'X'dpX-'d,X'' - ^-^a^eVP^V''''^l^d^{di'X' d.X'' dpX') 
+ 2ihieVP''T^''^d^X^d,X\d^dpX^)xl: - ^-eVP^'T^^^^pd^.X^ d^X^d^'dpX^) (4.24) 

We notice that the first fine can be expressed as a total derivative and the second fine 
vanishes provided that 

h = ^, aa = (4.25) 

Now let us look at the terms. We can write these as 

+ i(-ai - 6i - \)eV^d^il^d^X^d''X''d^X^ - -a^eV^il^d^id^X'' d'' X^ d^'X^) 

+ i{\a2 -b2 + ^)er'di,i/jd^X-'d,X''d''X' - '-a2er'iljdi,{d''X''d,X''d''X') 

+ ^eV^^ipd^'X^d'^X^id^d^X^) - ih2eV^WX^d>'X\d^,d,X^) 

- ib2€T^^{d^,d,X^)d''X^d''X^ - 2ibieT\di,d,X^)d''X^d''X^ (4.26) 
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The first two lines can be expressed as total derivatives provided that 

ai = 61 + ^ 

a2 = b2-^ (4.27) 
We see that the last two lines in f l4.26p are equal to zero provided 

bi = b2 = \ (4.28) 

Putting this information together we conclude 

02 = -2ai. (4.29) 

This agrees with the result derived from the duality transformation method. Now we 
just need to check that the remaining terms cancel against each other. Focusing on 
the r-^r'''' terms we see they can be written as 

+ '-lla2eV'TP^d^'iljdpX'd''X'd,X' + (1 + 63 + '-a2)lleV'VP^',p{d,dpX')d^X' d"" X' 

+ (mi b3)ller'VP^^l,{d,d,X')d^X'd,X' + (^ + '-a2)lleV'VP^^lj{d,d,X')d,X' X' 

(4.30) 

If we set 63 = then it is possible to write the remaining terms as total derivatives 
provided that 

11 , ^ 

oi = -, 02 = -- (4.31) 

which is consistent with fl4.29p . We are now in a position to write down expressions 
for the 0(/p) corrections to the abelian supersymmetry transformations (excluding 
bi-linear and tri-linear fermion terms) 

5X^ = ieT^iP - -lleV^ijd^X-^d^'X-^ + -lleV^^d^X^d^'X^ + -lltT^'''T^^^iJ^^X^ d^X^ . 
8 4 8 

5^ = d^x^m^e + hlm^d^x^d^x^d^x^e - hlm^d^X'^d'^x-^d.x^e 

- ^llT'^'PT^^^d^X^d^X^dpX^e. (4.32) 

Looking at the fermion variation we see that it is possible to fix the undetermined 
overall coefficient in fl4.12p as Ai = ^. In the next section we will consider extending 
this analysis to the non-abelian Bagger-Lambert M2-brane theory. 
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5 Non-Abelian Extension 



In this section we begin an investigation into the non-abehan supersymmetry transfor- 
mation of the Bagger-Lambert theory at 0{lp). We will see that using the non-abelian 
dNS duahty transformation outhned at the beginning of the paper it is possible to 
uniquely determine the higher order fcrmion variation. We begin by using dimensional 
analysis to determine the types of terms that can appear in the M2-brane supersym- 
metry transformations. 

5.1 Dimensional Analysis 



We can write the most general variation of the fermion field as 

1 
6 



Si^a = D^X^^FT^e + Ix^^r^-'^e + llD^'X^'i/j^^e. (5.1) 



Dimensional analysis then tells us that 

2m + n + 4/ = 9 (5.2) 

This gives rise to potentially nine types of term. However we can restrict our attention 
by making use of our knowledge of the D2-brane supersymmetry transformations. In 
other words we will only consider terms that match the D2-brane corrections upon 
application of the novel Higgs mechanism. This leaves us with 

1. X9 . 

2. {DX)X^. 

3. {DX){DX)X^. 

4. {DX){DX){DX). 

working out all independent index contractions one finds an expression of the form 

Si/j = ll[airiJ:^D^X-^D''X'^D''X^ + a2T^T^D^X''D^X''D''X^ + a^e^"'PT^^^ D^X^ D^X'' DpX^ 
+ a^V^^'V^ D^X'' D^X^ X^^^ + a^T^''^ D^X^D^'X'' X^^^ + a^V^''^ D^^X^D^X^X^^^ 

+ a,3r^^^X^^^X^^^X^-^^ + ai4r^^^X™X™X^-^^]e. (5.3) 
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Similarly we can write the most general scalar field variation as 

6Xi = ieV^iJa + lleD"'X''^^^+^ (5.4) 

with 

2m + n + 4/ = 6. (5.5) 
This leads to the following possible terms 

1. ipX^. 

2. ^Ij{DX)X^. 

3. xIj{DX){DX). 

After a little thought about possible index contractions one arrives at the following 
expression 

6X^ = ill[hieV^i)D^X^D^'X^ + h2eT^i)D^X^D^X^ + h^eT^T^''i)D^X^ D^X^ 

+ hieT^"'T^^^^D^X■^ D^X^"^ + h^eV ^T^^^^jD'^X^ X^^^ + h^eV ^T^^^^jD'^X^X'^^^ 
+ hjeV^T-^ijD^X^X^-^^ + h^eV^'T^^^^^^ipD^X-^X^^^'^ + bgeT^T'^^^^D^'X^ X^-^^ 

(5.6) 

Now that we know the types of terms that will appear in the supersjTumetry trans- 
formations we will use the non-abelian dNS duality transformation outlined at the 
beginning of the chapter to try and determine their exact form. Our starting point is 
the non-abelian D2-brane supersymmetry transformations. 



5.2 D2-brane supersymmetry transformations 

We begin by deriving the non-abelian D2-brane a'^ supersymmetry transformations. 
Our starting point will be the a'^ ten-dimensional U{N) super Yang-Mills transforma- 
tions fl4.3p . Because we are now considering the full non-abelian theory we will have 
to keep all terms in the dimensional reduction, including commutator terms. Upon 
dimensional reduction to (2+1) dimensions one finds the following expressions 

6 

SX^ = J2^Xl^) (5-7) 
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with 

9ym 

5XL = —(a^eT^ijjDpX'FP^^ - ase^.^eijjD^X'F^'' - Aa^e^^per^i^F^^" D^X^) 

Qym 

5X^3) = -a^eVP'^rX'^Fp, - 2agr'^^T p^^X^^F^"" 

6X1^) = 2aiertpD^XW''X^ - a2eT^^DpX' D''X^ - aseVPT^iljDpX'DpX^ 

- aseV'T^iljDpX'D^X^ - AaitT'^'^V ^^^jD^XW^X^ 
SXl^) = gYM{a2eT^^X'W^X^ + a^eT^r'^^D^X^X^" + aseTPr'iPX'WpX'^ 

5XL = g^^iaier^jX^'^X^'' + a2er''ipX'^ X^'' + a^eV^^^il^X'^ X^^ + aier^^^"'il)X^^X^'^) 



= (5.8) 

1=1 

with 

= -^{aitV pijFp^FP'' + a2lTpijF^,F''P - ase'^^ei^F^^Fp^) 
Qym 

SAp^2) = a2er^ipFp,D''X^ + aseT^'^T^ipFp^D^X^ + aseTP'^r^ipDpX^ Fp^ + asem'^ipF^.Dp 
M^(3) = -^yM(«3er^F^^F^,X^'^ - a^ep^per^ijF'^PX'^ - a,e^,per^i,X'^ F^p) 
M^(4) = gYMC^o^^eVpipD^X^D-X' - a2eT D ^X' X' - a^.er^V^il^D^X'D.X^ 

- aser^TP-iljDpX'DpX^ + ^a^ep^peV'^il:D'' X'DPX^) 
5A^(5) = -glM{o^2eT^i^D^X'X'^ + a^eV^^'tljDpX'X^^ 

+ 2aieVp,j:^^^D''X^X^^ + 2aieV^,j:^^^iljX^^D''X^) 



= ^ 5V'ie (5.9) 
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with 

9ym 

= ^(2Air'^FF,.F'"^D^X, + X2T^PF^,F''''DpX, + X^T-pDpX.FP^'F,,) 
9ym 

= —{X,r'Fp^F'"^X'^) 

gvAi 

S^A = -^{T^''{2XiDpXWPX^F^, - X^D^XW^X^F,, - X^F^pDPX'^D^X^) 
Qym 

- X2rWpX'FP''D^Xj) 
Sijj^ = -XiV^'T^F^^D'^X^X''^ - X2T''rX'WPX^Fp^ - l2X-ie^'''Pr^^F^^DpX'X^^ 
SA = gyMiXiT^^X'^X'^Fp, + 3XsT^'''r'''F,,X'^X''') 
6ip7 = AXiTf'PD^X''D''X''DpX^ - X2T''P D pX'' DP X'' D pX^ 

- XiV'rDpX'DPXW^X^ - SX^eP^PV^^DpX'D^XWpX^ 
5^ = gYM{-2XirWpX''D^X''X'^ + X2T^''DpX^X^''D^X'' + X2rw pX' DP x'' x^^ 

+ X2r^XikDPX^DpXj + l2X3V''''r^^^D^X'D''X^X^^) 
5^ = gl.j^T>'{2XiPX^^X^^D^X^ + AaF^X^^X^'^D^X'^ + X2P DpX^X'^^X^^ 
+ GXsr^^^^'DpX'X^'^X^"') 

StP^Q = -g^^^iXiT'^X'^^X^^X'^ + X2r^X'''X''^X^^ + X^r^klmnj^ijj^Hj^mn^_ 

Now that we have the non-abehan D2-brane supersymmetry transformations we can 
attempt to duahse the Yang-Mills gauge field to a scalar. Our method will follow 
the presentation of 0] where the 1^ corrections to the Lorentzian BLG theory were 
derived using the dNS duality prescription. Let us briefiy review the procedure for 
implementing dNS duality in the higher order Lagrangian. 

5.3 Higher order dNS duality 

In , higher order corrections to the Lorentzian BLG theory were derived by making 
use of the dNS duality transformation. As outlined in Section 2, implementing the 
dNS duality involves rewriting the D2-brane Lagrangian in terms of the new fields Bp 
and X^. To see how this works at higher order we will derive the 0{lp) bosonic terms 
of the BLG theory. Our starting point will be the (a')^ corrections to the non-abelian 
D2-brane theory. These terms derive from the F"^ corrections of ten dimensional super 
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Yang-Mills theory Q, H, [si 



£ = -V + isTr(F^-i(FY) 

— —-^MN-f + —LTIP MN-f RS-f -T + -_^MAr-r -TiJS-r 

- ^FMivF*'^F«5i^^^ - ^FM^vFiisi^^^i^^"]. (5.10) 

The next step is to reduce this expression to (2+1) dimensions. We then re-write the 
(2+1) dimensional field strength F^j, in terms of the dual field strength = e^j^i^xF'^'^ . 
In order to implement the dNS duality we replace the dual field strength by an 
independent matrix- valued one- form field B^. The resulting Lagrangian looks like 

-.2 „4 



C =Ti[F^B^ - ^B^B^ + ^(B^B'^B^B" + ^B^B.B'^B") 



9ym , 



+ ^^{2B^B^D''X'D^X' - 2B^'B^D^X'D''X' + 2B^'B'' D^^X'D^X' 
+ B^D^X'B^D^X' - B^D^X'B^D^X' + B'^D^X^B" D^X') 

+ a^^B'^B.X'^X,, + ^B'^X'^B.X'^) 

+ ^t^,^x{B^D^X'D''X^ + D'^X^B^D'^X' + D^X'D" X^ B^)X% (5.11) 

We see that F only appears in the Chern-Simons term F^B^. To show that this 
expression is equivalent to the {a'Y D2-brane Lagrangian one simply integrates out the 
field order by order using its equation of motion. In order to rewrite the Lagrangian 
in an SO (8) invariant form we introduce the field X^ and replace B^ everywhere it 
occurs by —l/gYM{,D^X^ — QymB^). Performing this substitution and collecting the 
resulting terms into the SO (8) invariant building blocks D^^X^ and X^^^ results in the 
compact expression 

£ = + ]^e^,^B^'F''^ - ^D^X'D^X' 

+ hlSTT[2D''X^ D^X-^ D^X-^ D^X^ - D^'X^ D^X^ D'' X-^ D^X^ 

_ ^^i^>^^x^-^^ b^x^ b^x^ bxX^ 

+ 2X^^^x"^F"^x^F)„x^ - -x^-^^x^-^^b^'x^b.x^ 

' 3 
3 24 J- I • J 
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In (gI it was shown that the same approach can be used to derive the 0(1^) fermion 
terms. We see that it is possible to implement dNS duality at higher order by applying 
the following prescription 

1. Dimensionally reduce 10 dimensional expression to (2+1) dimensions. 

2. Write all field strengths in terms of their duals: F^j/ = — e^^A-^'^- 

3. Replace with the field 5^. 

4. Replace with —gYhiD^X^. 

5. Rewrite all expressions in terms of D^X^ and X^^^ building blocks. 

In the next section we will test whether this prescription works at the level of super- 
symmetry transformations. We have already performed the first task on the list. Next 
we must re- write the D2-brane supersymmetry transformations (15. 7p . (15. 8p and (15. 9p 
in terms of Z),,X®. 



5.4 dNS transformed supersymmetry 



Two Derivative 

' z z z z z V 

5X' = - 2aierijD>'X^D^X^ + a2eT^"'ijD^X'D^X^ - 2a3eijD>'X'Df,X^ 

+ 2aitri>iD^XW^'X^ - a2tT^ijt)f,X'D^'X^ - 2a3eT'"'T^^D^X'D^X^ 
- Sa^eV^'^D^X^D^'X^ - Aa^eV^'T ^^'^D^XW^X'' 

One Derivative 

. ^ 

+ gYM{2a3eTfJ^X'W''X'' + Aa4er'''T^tljX^''D^X^ + a2eT^tljX'W^X^ 
+ a3eT^'r''^ljD^X'X^'' + a3eTPp''^pX'WpX'' 
+ a3eT''V''ijX'W,X^ + Aa^eV ^V^^^^IjO'^X^ X''^) 

Zero Derivative 

. ^ ^ 

(5.13) 
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Two Derivative 

/ s 

+ gYM{-'2aieT^ijD,X^D''X^ + a2€r^iljD^X^D,X^ - a2€r,tljD''X^D^X^ 
+ 2a3e^,xei^D^X^D''X^ + a2e^,xeV^'ipb^X^b''X^ - 2a^eVxV^^D^XW^X^ 

- a^eT^T^i)b''X^b^X^ + a^eTxT^i^D^X^D^X^ - a^eV^T^i^DPX^bpX^ 
+ a^eVxT^i^b^X^D^X^ + 2a^eT ^.i^D^X'D'' X' - a2eT^'il)b^X'b'' X' 

- aser^F'^'il^bf.X'D^X^ - aser^TPijjD^X'bpX^ + Aa^e^^up^^'^i^b'' X^D^X^) 

One Derivati\c 

/ ^ s 

+ yyM(«3er^^F'=V£'''^^^^''' - ^a^eV^i^b^X^X'^ - ^a^eV ^.J^^'^^i^D^ X^ X^^ 

- a2eV^ii}bp,X'X'^ - a^eV'^^ipbpX'X^^ - 2a4€r^'iljX'W^X^ - 2a4eV p,j:^''^i)X^^b'' X^) 

Zero Derivative 

+ '^f.M(«ier;.^X^^X^^' + a^eV^V^^'il^X'^X^^) (5.14) 



Three Derivative 

/ ^ s 

+ AXJ^p^eb^'X^b^X^b^'X^ - \2Tp^eb''X^b^X^b^X^ - \2Vi,eb^'X^b^X^b''X^ 

- AXj^^Peb^x^b^'x^b^x^ + \2T^'vhb''x^b^x^bpX^ - \2r^r^eb''x^bpX^b^x^ 

+ \2m^ebpXW^X^b''X^ - X2T^T-'€b^XW^X^b''X^ - AXiV^eb^XW^XW^X^ 

- MTpeb^XW^XW^'X^ + X2T^eb^XW''XW^X^ - \2T^eb''X^b^'X^b^X^ 

+ \2Vpeb^'x^b''x^b^x^ - \2e^"'^r^ebpX'bxX^b^x^ + A\iT''reb^x''b''x^b^x^ 

- \2m^eb^x''bPx^bpX^ - \2T''rebpX'bPxw^x^ - sx^e^'^'pr^^eb^x'b^xWpX'' 

Two Derivative 

' z z z z z z ^ 

+ gYM{-^2^p,u^^^b''X^b^'X^X^^ + \2Tp^V'eX'W^'XW''X^ + 2AX^r^^eb^'X^b^X'X^^ 

+ 2\ir^eb^'x^bpX^x'^ - 2\ir^eb^x^b^'x^x'^ + \2V^"'eb^x^x^''b^x^ 
+ \2V'hbpX'bpx^x^^ + X2r^eXikbpx''bpXj + i2X3rp''r^''^ebf,x'D''x^x^^) 

One Derivative 

' z z ^ 

+ g^M{-2XiT ^eX'^ X'W^'X^ - 6X3Tpr^''^eb^'X^X'^X''^ + 2XimhX''^X''^b^X^ 

+ X2T''reX'^X^''b^X'' + AaF'^FeD^X'^X^^'X'^' + 6A3r'^r^'^^"*eL»^X^X^'=X'"^) 

Zero Derivative 

/ ^ 

- C/3^(Air^eX'='X'='X*^' + X2rhX'''X''^X^^ + X^r^l^lrnn^j^ijj^klj^mn-^ _ ^^ -^^-^ 
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6 SO (8) supersymmetry transformations 



In the previous section we applied the dNS prescription to the non-abehan D2-brane 
supersymmetry transformations. We would now like to re-write these expressions in 
SO (8) form. We will see that this is only possible for the fermion supersymmetry trans- 
formation. The scalar transformation is plagued by the same problems we encountered 
in the abelian theory. We will end this section with a discussion of how one might go 
about determining the scalar supersymmetry transformation. 



6.1 5^ 

Earlier in this chapter we were able to determine the abelian supersymmetry transfor- 
mation of the fermion by using abelian duality in (2+1) dimensions. In the process we 
were able to fix the coefficients appearing in (14.11) . Looking at (15. 3p we see that the 
first three terms are exactly the same as the terms appearing in (14. ip but with partial 
derivatives replaced by covariant derivatives. As a result we find that the coefficients 
are related in exactly the same way. Knowledge of the relationship between Ai, A2 and 
A3, namely 

A2 = 4Ai; A2 = -24A3 (6.1) 

allows us to re- write all the coefficients in (I5.15P in terms of Ai. Furthermore by looking 
at the invariance of the higher order abelian Lagrangian we were able to fix Ai = ^. 
Making use of this information, as well as the SO (8) relations outlined in the appendix, 
it is possible to re-write the two- derivative, one-derivative and zero- derivative terms in 
(I5.15P in an SO (8) invariant form. The final answer for the correction to the fermion 
supersymmetry transformation in BLG theory is 

5i) = ll[^T^T^D^X-^D''X-^D''X^ - h^^T^D'^X'^D^X-^D'^X^ - ^e'^'T^'^^ D^X^ D^X-^ D^^X^ 
+ -T^"'T^D,,X^D^X^X-^^^ + -T^^^D.X^D^'X-^X^^^ - —T^^^D^X^D^'X^X^^^ 

48 ^^ y g M 

}_ IjKLMj^,XMj^IJNj^KLN Ir^P-^D^X-^X^^^^X^^^ 

32 ^ AS ^ ^ 

\_Y -p/J-fs'LM£)/^j^Af j^/JAfj^A'LAr , }_yIJKLMNP -^IJQ -^KLQ j^MNP 

48 ^ 16 
_|_ }_yIJM -^IKN j^KLN -^LJM _|_ _}_yIJ M j^KLN j^KLN j^IJ Mi^^ ^g 2) 
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It is pleasing to see that the dNS duahty transformation has allowed us to uniquely 
determine the structure of the fermion variation. It would be nice to extend this 
analysis to include tri-linear fermion terms. 

6.2 5X^ 

Given that the dNS prescription works for the fermion transformation one might hope 
that it would also work for the scalar transformation. However, as we observed for the 
abelian scalar transformation, this is not the case. The two-derivative terms appearing 
in fl5.13p are of the same form as the abelian scalar terms, with covariant derivatives 
replacing partial derivatives. For this reason, the non-abelian scalar transformation 
inherits the same problems we encountered before. For the abelian theory we used a 
different approach to determine the scalar transformation. This involved checking the 
invariance of the abelian Lagrangian under a proposed set of supersymmetry transfor- 
mations (determined by dimensional analysis). The same should be possible for the 
non-abelian theory. The corrected BLG Lagrangian was derived in p, 0] • Checking 
that this Lagrangian is invariant (up to surface terms) under the transformations f l5.3p 
and f l5.6p should fix the coefficients. Not only would this determine the scalar transfor- 
mation but would also provide an independent test of the fermion variation calculated 
using the dNS prescription. 

Ultimately one would like to know how to modify the dNS prescription in such a 
way that it is possible to derive the scalar variation. Toward this end it may prove 
useful to determine the scalar transformation by an independent method such that a 
comparison can be made between the known result and the dNS transformed result 
fl5.13p . One possibility would be to use the higher order fermion variation to determine 
the higher order supercharge which could then be used to generate the higher order 
scalar variation. This should be possible since we observe at lowest order in BLG theory 
that the supersymmetry current takes the simple form — e = il)°'T^^5il)a which follows 
from the fact that the R-current and supersymmetry current reside within the same 
supersymmetry multiplet. Importantly we see that we only require knowledge of the 
fermion supersymmetry transformation in order to determine the supersymmetry cur- 
rent. The hope is that a similar relation between fermion variation and supersymmetry 
current would continue to hold at higher order. 

Another complication worth mentioning is related to the gauge field transformation 
fl5.14p . For the lower order abelian supersymmetry transformations we observed that 
the eighth component of the scalar variation 5X^ arises after dualising 5F^j_^. More 
specifically, looking at fl3.19p we see that at lowest order d^5X^ = ieV^d'^il). In this 
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case, since there is only one field and one derivative on the right-hand side, it is possible 
to simply 'pull off' the derivative to determine 5X^. This is no longer true at higher 
order and determining 5X^ becomes a non-trivial task. 



7 Outlook 

In this paper we began an investigation into the corrections to the BLG supersymme- 
try transformations. For the abelian theory we were able to determine the the fermion 
supersymmetry transformation by using an abelian duality transformation. For the 
scalar transformation we had to use a different approach in which invariance of the 
higher order abelian Lagrangian was used to fix the coefficients of the transformation. 
For the non-abelian theory we were able to use the dNS duality transformation to 
uniquely determine the fermion supersymmetry transformation at 0{t^). It would be 
interesting to establish the reason why the dNS duality fails to work for the scalar 
supersymmetry transformation. It should be possible to uniquely determine the form 
of the 0(/p) scalar transformation by checking the invariance of the higher order La- 
grangian derived in [sj, 0] • This would also provide an independent check on the fermion 
result derived using the dNS duality approach. It would also prove interesting to extend 
this analysis to the A/" = 6 AB JM theory. Finding such an extension is of great interest 
as these theories have a clear spacetime interpretation in M-theory. One possibility 
for how to derive the Af = Q result would be to make use of the = 8 result and 
5*0(8) triality. This should work in the same way that it works for the lowest order 



Bagger-Lambert theory. In [3J] it was shown that the BLG Lagrangian fields could be 
'triality rotated' in such a way that (8^,85, 8c) — ^ (85,80,8;/), where 8^,85,80 are 
the vector, spinor and cospinor representations of SO (8) respectively. After performing 
this transformation it is possible to break S'0(8) — )■ S'f/(4) x f/(l) and decompose the 
S'0(8) spinor and cospinor fields (and gamma matrices) in order to rewrite the orig- 
inal J\f = 8 expression in terms of ABJM fields and so-called 'non-ABJM' fields. In 
(i^ l the non-ABJM terms were shown to vanish as a result of certain algebraic con- 
straints (deriving from the fiatness condition of the gauge field strength). It would 
be interesting to see whether this analysis can be extended to higher order and if so, 
whether additional algebraic constraints would be necessary to eliminate the higher 
order 'non-ABJM' terms. 
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A Higher order SO (8) invariant objects 

In this section we list 5*0(8) invariant combinations which give rise to terms appearing 
in the dNS transformed supcrymmctry transformations of the previous section. Note 
that we have suppressed the symmetrised trace in all the expressions that follow. 

A.l Sip 

A. 1.1 Zero Derivative 

j^IJKLMNP j^IJQ j^KLQ j^MNP _^ g^S -pijfcimraj^ij j^fci j^mn 

A. 1.2 One Derivative 

^^^jj^KLMj^KLMjj^j^j _^ sg^^iT^r^x'^^x'^^D^'x^ + r^r^x'^'x^'D^x^) 
Ffj^'^D^.x^x^^^^x^-'^^ 4jv/(2r^r^D^x'=x^'x'^' -r^r^D^x^x'^x'™) 

^t,j.Jj^JKMj^KLMj^^-^L _^ ^2 ^(2rTix^*^x'='L>^x' - rT«x'="^x*^'"L>^x^) 

^^^IJKLM _^ g'^^{r^r^klmj^^^m^i3xkl + ^ ^V'^^^ X^ X'^ X^^) 
^^^UKLMj^l^^N^UM^KLN ^ Zglj^V^V^^^DI^X^X'^X^^ 

^^^mmj^t^j^mj^ij^ki ^ gi^Y^T^'^^^^{D''x^x^^^x^^^ - l^/^x^x^-^^x™) 
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A. 1.3 Two Derivative 



r^-^^D^X^D'^X^X^-^^ ?,gYM{^'^D^X^D''X^X'^ + V'W^.X^D^'X^X'^) 
V^'V^D^X^X^^^D^X^ gYMT^'^iT'D^X^X'^D^X^ + V'D^X^X^'D^X^ 

+ T^D^^X^X^^D^X^) 
V^-'^D^X^D^'X^X^^^ -)■ QYui^'^'^D^X^D^'X^X^^ + 2rW^X'D''X^X^^ 

+ rw^x^D^'x^x'^) 

Y^J^X^^^D^X^D^'X^ -)■ QYMiT'^^X^^D^X^D^'X' + X'^ D ^X^ D^" X^ 

Yl^uj^UKLM jj^^I j^^^J ^KLM _^ ZgYM^"""^"^^^ D ^X' D^X^ X^K 

A. 1.4 Three Derivative 

V^T^D^X^D'^X-^D^X^ T^rD^XW^'XW^X' + T ^rD^X^D" X^D^X' 

+ v^v^D^xw''xw^'x^ + r^r*^D^x^L)'^x^L)^xs 
r^r^D'^X'^D^X'^D^x^ ^ T^rD''xw^xw''X' + r^r^D^x^D^x^D'^x* 

+ T^D^^XW^XW^X^ + r^L^^X^D^X^D^X^ 
e^^^r^^^D^X^D^X^DpX^ e^^PV'^^D^X'D^XWpX^ + 3e'''^''r^D/,X^D^X^DpX^ 

A.2 

A. 2.1 Zero Derivative 
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A. 2. 2 One Derivative 



-p^p/ifL^^Mj^^X^i^i ^ 2gYMeV^V'^'il^D''X^X^^ + gyMeV ^V'^^il^D^X^X^^ 

^Yf^Y^JKLM^jj^^j^KLM _^ ZgYMeV'V'^^^^l^D^.X^X^^ 
-p^pjxL^^^^K^/jL _^ 2gYMeV^V^^i^D^'X^X'^ 

A. 2. 3 Two Derivative 

eV^i^D^X'^D^X'^ eri/jD^X^D^'X^ + er-il^D^XWX^ 
eV^V^'''i)D^X 'D^X ' 
-p^z^p/jK^^^^j^^^A- ^ 2er^^r^^'^D^X-'D^X^ + eV^"'V''J^ijD^XW^X^ 

eV-^^D^X^D'^X-^ erVD^X'D^X^ + eT^^D^X'D''X^ 
eV^T^"'^ljD^X^D^X-^ eV^V^''i)D^X'D^X^ + ePT>'''i)D^X'D^X^ 
eV^-'^i^D^X^D^'X^ (A.2) 

A.3 6A^, 

A. 3.1 Zero Derivative 
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A. 3. 2 One Derivative 



er^,r-^^L>^X^X^-^^ ^ gYM{er^,r^''xD''X^X^'' + 2eV^,V^xD''X'X'^) 
er^,r^-^^^L>^X^X-^^^ ^ ?,gYMeV^,r^^xD;,X'X^'' 

A. 3. 3 Two Derivative 

eV^xD^X^'D^XK ^ eV^xD.X^D^X^ + eV^xD.X'D^X' 
eT^T^^D^X^D^X-^ eT xD'' X' X^ + er^rxDr^X'D^X^ - eV ^rxD^X^D'' X' = 

eV,xD''X''D^X'' ^ eV.xD^'X'D^X' + eV ,xD'' X^ D ^X"" 
eT^T'\D''X^Df,X'^ eT^V^xD^X'D^X^ + eT^rxD''X'Df,X^ - eT^rxD''X^Df,X' 

eT^.^xD^X-'D^X' ^ 
eT^^x^^-^D^'X^D^X^ eT^^J''W''X'D^X^ + eT^^xr'D''X'D^X^ - eT^^x^'D^'X^D^X' 
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